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ABSTRACT 
 
 
 
 

A relation between the theory of multiple Fourier series and partial differential 
equations was divulged in the beginning of the nineteenth century and it is known as 
spectral theory of the differential operators. The spectral theory of the differential 
operators is a significant part of mathematical sciences and it has applications in many 
branches of engineering. The development of the spectral theory of the differential 
operator is started since the time when Fourier studied heat conduction problem in a 
rod and the solution is found as a form of sin series. To adjust the obtained solution 
leads to study of the problems of the convergence of that series solutions and it 
depends on the initial and/or boundary data. Obtained series solutions of the problems 
may not be convergent. Then the problem of summability will occur. Regularization 
of the divergent series solution is accurate numerical interpretations of the solutions of 
the problems. In this research, to find the equiconvergence of the spectral expansions 
and to find the solution of the heat and wave problem regularization was required. In 
the first phase, we studied a special elliptic partial sum of order 2(m+1) of multiple 
Fourier series and integral in the spaces of singular distributions. We discussed the 
equiconvergence in summation of the Fourier series and integral of the linear 
continuous functional for specific conditions in the Lioville space. Therefore, we 
proved a precise equiconvergence relation between index of the Bochner-Riesz means 
of the expansions and power of the singularity of the distributions with compact 
support in summation associated with the elliptic operator.  After that, we studied the 
vibration problem made of thin elastic membrane stretched tightly over a square 
frame. The deflection of the membrane during the motion is small compared to the 
size of the membrane. And for heat transfer problems the plate is made of some 
thermally conductive material. We discussed different types of heat transfer problems 
such as, steady state heat transfer problem, heat transfer insulated plate problems. 
Solution of wave and the heat transfer problems are subjected to the boundary 
conditions and initial conditions and had a form of double Fourier series. The 
coefficient of the Fourier series found from the initial conditions. Convergence of the 
corresponding Fourier series depends on smoothness or singularity of initial 
conditions. In our case, initial conditions were the Dirac delta function and it diverges. 
Thus for the solutions of the corresponding heat and wave problems some 
regularizations of the Fourier series solutions are required. Here, based on the 
singularity we considered the Reisz method of summation as regularization of the 
Fourier series solutions of the heat and wave problems. When we increased the order 
of the Reisz means, the solutions were convergence but the numerical calculations 
were increased. So, to minimize the calculations of the regularized Fourier series 
solutions, we optimized   the regularization of the solutions of the plate vibration and 
heat transfer problems. For optimization of the regularized Fourier series solutions, we 
took minimum order of the Reisz means. The minimum order was s > (N - 1)/2 – l. 
After optimization, we used a numerical computing programming (MAT LAB) for the 
numerical solutions. Here, we found the optimization of the regularization of the 
series solutions at a fixed point of the plates at initial time and critical index. After 
critical point we achieved the good convergence.  
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 خلاصة البحث

 

 

ان العلاقة بين نظرية سلسلة فورييه المتعددة والمعادلات التفاضلية الجزئية قد تم اكتشافها في بداية القرن 

التاسع عشر وقد عرفت �سم نظرية الطيف للمشغلات التفاضلية . تعتبر نظرية الطيف للمشغلات 

كثير من فروع الهندسة .ان تطوير نظرية الطيف التفاضلية جزءا مهما من العلوم الر�ضية ولها تطبيقات في  

للمشغلات التفاضلية قد بدأ منذ الوقت الذي بدأ فيه فورييه بدراسة مشكلة التوصيل الحراري لقضيب 

وكان الحل للمشكلة بشكل سلسلة جيب بلغة حساب المثلثات. ان تعديل الحل المستحصل علية قد 

واعتمادها على بيا�ت اولية او حدية .ان حلول السلسلة  قاد الى دراسة مشاكل تقارب حلول السلاسل

للمشكلة قد لايكون متقار�.وعندها ستحدث مشكلة الجمع او دمج السلاسل.ان تسوية اوتنظيم حل 

السلاسل المتباعدة هو تفسير عددي دقيق للحلول الخاصة �لمشكلة. في هذه الدراسة كان المطلوب هو 

تدادات الطيف ولايجاد تسوية حل مشكلة الحرارة والموجة. في المرحلة الاولى ايجاد التقارب المتساوي لام

لسلسلة فورييه المتعددة والتكامل في الفراغ  (m+1)2درسنا ا�موع الجزئي البيضوي الخاص من مرتبة 

ستمرة للتوزيعات المفردة. تم مناقشة التقارب المتساوي في مجموع سلسلة فورييه وتكامل الدالة الخطية الم

لشروط خاصة في فراغ ليوفيل. و�لتالي تم اثبات العلاقة الدقيقة للتقارب المتساوي بين متوسطات مؤشر 

ريس للامتدادات وطاقة التفرد للتوزيعات مع دعم مدمج للمجموع المرتبط �لمشغل البيضوي. - بوخنر

ار مربع .ان انحراف الغشاء بعد ذلك تم دراسة مشكلة التذبذب الناتج من غشاء مرن رقيق امتد حول اط

خلال الحركة كان صغيرا مقارنة بحجم الغشاء . و�لنسبة لمشكلة التوصيل الحراري كانت الصفيحة 

مصنوعة من مادة موصلة للحرارة .تم مناشة انواع مختلفة لمشاكل التوصيل الحراري , على سبيل المثال 

وصيل الحراري للوحة معزولة.  ان حل مشاكل مشكلة الحالة المستقرة للتوصيل الحراري , مشاكل الت

الموجة وانتقال الحرارة تعتمد على شروط الحد والشروط الاولية ولها شكل مسلسلة فورييه الثنائية . تم 

ايجاد معاملات سلسلة فورييه اعتمادا على الشروط الاولية . ان تقارب سلسلة فورييه المعنية تعتمد على 

شروط الاولية. في دراستنا فان الشروط الاولية كانت دالة ديراك دلتا وهي نعومة وسلاسة او فردية ال

متباعدة. ولهذا فان حلول مشاكل الحرارة والموجة فان حلول سلسلة فورييه احتاجت الى تسوية . وهنا 

و�لنظر للفردية فاننا اخذ� بنظر الاعتبار طريقة ريس للجمع كاسلوب لتسوية حلول سلسلة فورييه 

ل الحرارة والموجه. عندما تم ز�دة مرتبة متوسطات ريس, فان النتائج كانت تقاربية ولكن الحسا�ت لمشاك

العددية ازدادت. وعليه ولتقليل الحسا�ت العددية لحلول سلسلة فورييه المسواة فا� قمنا �لتحسين 

ي. وللتحسين الامثل لحلول الامثل لتسوية الحلول المتعلقة بمشاكل اهتزاز اللوح ومشاكل التوصيل الحرار 
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 s > (N-1/2 -l)سلسلة فورييه المسواة تم استخدام اقل رتبة لمتوسطات ريس. كان اقل رتبة مستخدمة 

للحلول العددية. هنا وجد�  Matlabبعد التحسين الامثل تم استخدام بر�مج الحساب العددي 

د الوقت الابتدائي و مؤشر حرج. تم التحسين الامثل لتسوية حلول السلاسل في نقطة �بتة للوح عن

      الحصول على تقارب جيد بعد النقطة الحرجة. 
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1 

CHAPTER ONE 

INTRODUCTION 
 
 
 
 

1.1 SOME BASIC NOTATION 

Let us denote by NR  an N-dimensional Euclidean space and denote its points by 

)......,( ,21 Nxxxx   where Nixi ....,2,1,   are real numbers. Let r is a positive number. 

The set of points NRx satisfying the inequality rxx  0 is defined as open sphere of 

radious r with its centre at the point 0x . The open sphere is denoted by );( 0 rxU . By 

);0( rUUr   denotes this sphere of radious r centred on the origin. The point 0x is said 

to be an interior point of a set E if there is a sphere );( 0 rxU contained in this set. If all 

the points of a set E  are interior then it is called an open set. If any two points of a set 

E can be joined through an unbroken line lying in this set then the set is called 

connected. A connected open set is called domain. In this thesis we denote domain by 

 . If the point 0x  is not an interior point and );( 0 rxU �  for any r > 0 then it is 

called point of boundary. Set of all point of boundary is denoted by  . A connected 

open subset is called bounded domain. 

 
 

1.1.1 )( NRC , )(0
NRC - Classes 

The N – dimensional vector  = ),......,( 21 N with non negative integer 

components is called multi index and N  ......21 is called length of the 



 

2 

multiindex. We also use the notation )......,( 21

21
N

Nxxxx
  , where NRx  and 

)......,( 21

21
N

NDDDD
  , where 

j

j
xi

D





1
(i is the imaginary unit). 

Let )(xf is a function defined in NR . By )(xfD  we denote following partial 

derivative of the function )(xf  

 

)()(,
.........

)( 0

21
21

xfxfD
xxx

f
xfD

n

n










  

 
 

A set of (complex) functions f which is continuous together with the derivatives 

)(xfD  for all  , where  pp 0( , p is a non negative integer number) forms 

a class of functions )( Np RC  in NR . The space of all infinitely differentiable functions 

on NR is denoted by the symbol )( NRC . 

Let )( NRC . The closure of the set of those points for which 0)( x is 

defined as the support of the continuous function  . It is denoted by supp  . The 

function   is said to have compact support if supp   is bounded set.  The subset of 

)( NRC  which contains the functions )( NRC  with compact support in NR  is 

denoted by )(0
NRC . 

 
 
1.1.2 Linear Topological Space  

A set E is defined as a linear topological space if E is a linear space and also a 

topological space and the operations of addition and multiplication of elements of E 

by real (complex) numbers are continuous with respect to the topology in E such that 
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a. If 000 yxz  , then for any neighbourhood U at the point 0z , there are 

neighbourhoods V and W of the points 0x  and 0y such that Uyx  whenever 

WyVx  , ; 

b. If 000 yx  , then for any neighbourhood U of the point 0y , there is a 

neighbourhood V of the point 0x  and for any number 0 such that Ux

whenever   0,Vx . 

A mapping REf : is called real valued functional. Instead of R if we take ℂ then it 

is called complex valued functional. 

A functional f defined on a linear topological space E is called linear if  

 

 

 
 
complex. 

for all Eyx , and for all numbers  , . 

Similarly, a functional f defined on a linear topological space E is called continuous at 

the point Ex 0 if for any 0 , there is a neighbourhood U of 0x such that 

 

 )()( 0xfxf
 

 
 

for all Ux . The functional f is said to be continuous on E if it is continuous at every 

point Ex 0 . 

The linear topological space E is called the space of test elements. The set of all linear 

topological space is called the space of distributions. It is denoted by E . 
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1.2 FUNCTIONAL SPACES 

1.2.1 The Spaces of Test Functions 

Let us consider the set of test functions � = � (�� ) all the infinitely differentiable 

functions in NR  with compact support. The convergence in �  is defined as follow: 

the sequence of functions ...,, 21  from  �  converges to the function  belonging to 

�   if 

1. there is a number   r > 0 such that supp rk U , .....,3,2,1k  

2.  for each )......,( ,21 N  , 
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So, we shall write  k  as k  in � . 

Evidently  �   is a linear space. The operation of differentiation ���(�) is continuous 

from �  into � . Now, from the definition of convergence in �   it is clear that if 

 k  as k  in � , then ���� → ���  as k  in � . 

The set of test functions, the supports of which are contained in the given domain  , 

is denoted by � (Ω) and we can write 

 
� (Ω) ⊂  � (�� ) =  �   

 
 
The following example of a test function different from a zero function is called the 

“hat function”. 
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We shall choose a constant C suct that 

 

 1)( dxx , 

 
 

that is  
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Let us consider the set of test functions  � = �(�� ) belonging to the class 

)( NRC which decreases as x , together with all their derivatives and faster than 

any power of 1x . Therefore, the sequence of functions ...,, 21  which is belongs to 

� converges to the functions � � �,  k as k in �, if  
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k ),()(                            (1.1) 

 
 

for all  and  and for the continuous function )(x at the point x. 

Obviously � is a linear space. Moreover,  � ⊂ � and the convergence in  � follows 

from the convergence in � . 

If  k  as k in �  then since the supports of k  are bounded independently 

of k then the limiting result (1.1) is valid for all  and  , that’s mean  k  as 

k  in �. Though, � does not coincide with � . As an example, the function 

�(�) =  )(exp 2x which belongs to �  but it does not belong to � . 


